Without any further adjusting of parameters, a relativistic constituent quark model, successful in the description of the data for the nucleon elastic form factors and of the dominant contribution for the nucleon to ∆ electromagnetic transition, is used here to predict the dominant electromagnetic form factors of the ∆ baryon. The model is based on a simple ∆ wave function corresponding to a quark-diquark system in an S-state. The results for E0 and M1 are consistent both with experimental results and lattice calculations. The remaining form factors E2 and M3 vanish, given the symmetric structure taken for the ∆.
I. INTRODUCTION
The internal quark structure of the nucleon can explain the experimental results for its electromagnetic form factors. For instance, in Ref. [1, 2] , we presented a successful description of the most recent results from Jlab for the proton elastic form factors [3] . Also, in the last few years there has been an increasing convergence between the lattice QCD extrapolations and the low momentum (Q 2 < 2 GeV 2 ) form factor data [4, 5] . In principle the ∆ structure could also be inferred from the γN → ∆ electromagnetic transition [4, 5] (throughout this paper we will use N∆ for short to name this reaction). However, models based on quark degrees of freedom alone fail in the description of the dominant multipole (magnetic dipole G * M ) of the N∆ transition [6, 7] . Only phenomenological models including also explicit pion degrees of freedom, by adding coupled baryon-meson channels to the constituent quark structure, can describe this transition [8, 9] . Nevertheless, there are uncertainties because there is no unique way of separating the pion cloud from the short distance quark core effects. [10] .
As for lattice calculations, at present they are not yet successful in describing the N∆ electromagnetic form factors. Linear extrapolations to the physical limit of quenched calculations underestimate the data for low Q 2 and overestimate the experimental data for larger Q 2 [11] . The available unquenched lattice QCD results are not sufficient for an extrapolation to the physical region [12] . On the other hand, extrapolations of the lattice results using Chiral Perturbation Theory (χPT) were until now restricted to very low Q 2 [13, 14] . Additionally, no Q 2 dependence of the form factors was studied using χPT. It is therefore important to understand the structure of the ∆, in particular the quark distribution inside the ∆ system, and to parametrize its electromagnetic form factors as functions of Q 2 . However, due to the short ∆ mean life time, there is almost no experimental information about the ∆ form factors, to the exception of the electrical charge. The magnetic dipole form factor was measured at Q 2 = 0 only, giving the magnetic moment µ ∆ of the ∆ ++ , since µ ∆ = G M1 (0) e 2M∆ (where M ∆ is the ∆ mass and e the electron charge). Our knowledge of the ∆ ++ dipole magnetic moment is essentially based on the experiments of Refs. [15, 16] . The results of the analysis are not all totally consistent [17] nevertheless. The Particle Data Group [18] gives a very broad interval for the ∆ ++ magnetic moment, [3.7, 7.5] µ N , where µ N is the nucleon magneton. The recent analysis using a Dynamical Model [19] quotes µ ∆ = (6.14 ± 0.51)µ N , but the theoretical error is not included. As for the ∆ + , the only available measurement is from Mainz [20] , µ ∆ = 2.7 +3.5 −3.6 µ N , which still has a large error bar, mostly due to the theoretical uncertainties. However, new experiments are planned, and methods based on a Chiral Effective-field theory [21] and Dynamical Models [22] were proposed to extract the magnetic moment of ∆ + from the reaction γp → π 0 pγ ′ . There is no data related to the ∆ 0 and ∆ − (see Refs. [19, 23] for a review). In order to understand the present disagreement between the lattice calculations and the experimental results for the electromagnetic N∆ transition, theoretical constituent quark models are promising tools. Given the absence of experimental data for the ∆, they are needed to guide lattice extrapolations. Inversely it is crucial to probe models away from the physical limit by lattice data.
Models allow the calculation of the quark distribution inside the ∆ and generate predictions for the form factors. For the electrical quadrupole (E2) there are calculations by Buchmann based on several models [24] . For the magnetic moments there is also a variety of predictions based on several frameworks, such as the SU(6) quark model [22] , relativistic quark models [25] , quark models with two-body exchange currents [26] and sea quark contributions [27] , QCD sum rules [28, 29] , Chiral and Soliton models [30, 31, 32, 33] , field theoretical formulations with hadron degrees of freedom [34] and quark degrees of freedom [35] , and extrapolations of lattice QCD [13, 36, 37, 38, 39] . We present a summary of these results in one of the following sections (Table I) . Almost all works are focused on the ∆ magnetic moments. The exceptions to this rule are the works of Alexandrou et. al., where the dependence of ∆ form factors on Q 2 was studied systematically for the first time [39, 40] , and the recent work of the Adelaide group [41] . Our work uses a covariant model [6] based on valence quark degrees of freedom to calculate the γ∆ → ∆ form factors and compares them to state-of-the-art results. We have restricted the nucleon and the ∆ wave functions to their S-wave components. With such a symmetric distribution only the charge and the magnetic dipole form factors are predicted, and the remaining form factors, the electric quadrupole and magnetic octupole, vanish, since they measure the deviation from the symmetric distribution. Nevertheless, it is still interesting to verify, as done in this work, whether a ∆ model calibrated by the N∆ transition gives a good description of the lattice QCD extrapolation of the ∆ charge and magnetic dipole form factors to the physical region, and therefore determines uniquely the ∆ properties. We note that our results are true predictions of our model for the ∆ electromagnetic form factors, since the parameters of the constituent quark model were beforehand fixed by the nucleon and N∆ electromagnetic transition form factors data only [1, 6] . No further adjusting of parameters or refitting to the ∆ observables was done.
Since we did not include D-waves in the ∆ wave function, the quality of the obtained description indicates that there is only a small percentage (less than 5%) of D-wave components in the ∆ wave function, as found in calculations of the electromagnetic observables for the N∆ electromagnetic transition [7] . We note that the contribution of the D-states to the ∆ form factors comes predominantly from the transitions between the ∆ S-state and the ∆ D-states, and that we have checked that the correction from the D-states for the ∆ charge form factor is less than 7% , and for the magnetic dipole is less that 14%, for low Q 2 (Q 2 < 1.0 GeV 2 ) [42] . With an even more realistic and smaller D-state admixture [43] these numbers decrease even further, to 2% and 11% respectively.
Another interesting point to explore is that, although the pion cloud is essential to describe the γN → ∆ transition reaction form factors, as shown in Ref. [6] , there is not yet direct evidence about the importance of the pion cloud for the elastic channel (γ∆ → ∆). The validity of our approximation of neglecting the pion cloud is to be judged from the deviations of our results from the data.
The paper is organized in the following way: in Sec. II we introduce the general definitions for the ∆ form factors and in Sec. III we present the corresponding analytical expressions in the covariant spectator formalism used here. In Sec. IV we present numerical results and in Sec. V we draw conclusions.
II. ∆ ELECTROMAGNETIC FORM FACTORS
The electromagnetic interaction with a on-mass-shell ∆ isobar, for initial momentum P − and final momentum P + , can be parametrized in terms of the current [44, 45, 46] :
where w α is the Rarita-Schwinger spin 3/2 state, associated with the spin projection s = ±1/2, ±3/2, which is not specified in the equation for the sake of simplicity. The functions F * i (Q 2 ) (i = 1, ..., 4) are the ∆ form factors. In particular F in the Q 2 = 0 limit, as
III. FORM FACTORS IN A S-WAVE MODEL
In this work we consider the wave function obtained within the covariant spectator theory, as proposed in Ref. [6] :
In the previous equation ψ ∆ is a scalar function that describes the momentum distribution of the quark-diquark system in terms of the ∆ and the diquark moments, P and k respectively; ε * P is the polarization state associated with the diquark spin [2] (the polarization index was omitted); w β is the Rarita-Schwinger state, as before, and T · ξ 1 * is the isospin operator that acts on a given Delta isospin state [isospin states are not explicitly included]. As discussed in Ref. [6] , Eq. (7) describes a quark-diquark system with total angular momentum J = 3 2 and no orbital momentum (S-state only), with the diquark on-mass-shell, a defining condition of the covariant spectator theory. The scalar wave function ψ ∆ (P, k) can be written as
where N is a normalization constant, and χ is defined as
The variables α 1 and α 2 represent momentum range parameters in 1/(M ∆ m s ) units. The particular dependence of ψ ∆ in (P − k) 2 given by Eq. (8) was taken for a good description of the N∆ transition form factors (see Ref. [6] ) in particular the magnetic dipole form factor, which dominates the reaction. The inclusion of the factor 1/m s in the scalar wave function (8) implies that the diquark mass scales out of the transition currents, leading to form factors independent of m s [1] . From the fit to the data, we have obtained α 1 = 0.290 and α 2 = 0.393 (model II of Ref. [6] ).
A. The current
In our model, the the γ∆ → ∆ electromagnetic current in the relativistic impulse approximation becomes [2, 6] 
where the quark current is defined as
and M is the nucleon mass. The functions f 1± (Q 2 ) and f 2± (Q 2 ) describe respectively the Dirac and Pauli quark form factors that parametrize the structure of the constituent quarks. As in Refs. [1, 6] we used the form inspired on the vector meson dominance mechanism:
In the previous equations λ was adjusted to the charge number density in deep inelastic limit [1] , which gave λ = 1. 2 the quark charge, for q = u, d [1] . The functions f i± (Q 2 ) (i = 1, 2) are normalized according to f 1± (0) = 1 and f 2± (0) = κ ± . In this application we consider in particular the parametrization derived in Ref. [1] . The anomalous magnetic moments κ ± , were adjusted to reproduce the nucleon magnetic moments, corresponding to κ + = 1.639 and κ − = 1.823. The effective heavy meson mass is M h = 2M , as in model II of Ref. [1] . The remaining parameters correspond also to the model II of this last work, constrained by a fit the the elastic nucleon form factor data. The vector meson dominance coefficients are respectively c + = 4.16, c − = 1.16 and d ± = −0.686.
Using Eq. (7) the current in Eq. (10) reduces to
where
and ∆ αβ is the covariant sum in the diquark polarization for the case M + = M − = M ∆ ; see Refs. [1, 2, 6] for details. Explicitly one has
The integral I ∆ (Q 2 ) defined by Eq. (16) is normalized according to I ∆ (0) = 1, such that the charge condition J 0 = e ∆ holds (e ∆ is the ∆ charge) for Q 2 = 0. Performing the sum in the isospin operators, and after the spin algebra by using the properties of the w α (P ) states, we can furthermore write J µ as
The isospin dependent functionsẽ ∆ andκ ∆ are respectivelỹ
andT 3 is the isospin-3 2 matrix defined as
The T i (i = x, y, z) matrices represent the isospin- [6, 13, 45] . Note that in the limit Q 2 = 0,ẽ ∆ is just the ∆ charge
For the numerical evaluation of the form factors we took one of the models presented in Refs. [1, 6] which is not isospin symmetric. Isospin symmetry is broken through f 1+ = f 1− and f 2+ = f 2− . Isospin symmetry would imply κ + = κ − = κ. In this case one hasκ ∆ = e ∆ κ for Q 2 = 0. For the simplest models applied in Ref. [1] to the nucleon, the isospin symmetry is exact for the Dirac quark current (f 1+ ≡ f 1− ), giving an almost zero electrical form factor for the neutron. If in Ref. [1] we would have taken f 2+ ≡ f 2− , exact isospin symmetry would be observed, and G En would vanish as well. This is why in the present application we used models which are not isospin symmetric. µ∆. The Table shows results based on SU(6) static quark structure [22] , on a relativistic quark model (Rel QM) [25] , QCD sum rules (QCD SR) [28, 29] , Chiral Quark-Soliton Models (ChQSM) [30] , Heavy Baryon Chiral Perturbation Theory (HBChPT) [31] and extrapolations from Lattice QCD [36, 37, 38, 39] . Our results are labeled "Spectator".
B. Spectator Form Factors
Comparing the currents (1) and (18) we conclude that
where η = (2)- (3), we obtain
For the electric quadrupole G E2 and magnetic octupole G M3 , one has G E2 ≡ 0 and G M3 ≡ 0, and the electric quadrupole Q ∆ and magnetic octupole O ∆ moments vanish. This particular result follows directly from our restriction to L = 0 of the orbital angular momentum of the quark-diquark in the ∆ wave function. A better description would require other states, in particular D-state components of the wave function. Still, from the N∆ data, one concludes that the percentage of these components is small [7] .
IV. NUMERICAL RESULTS
The model dependence of the ∆ form factors comes from the quark form factors f 1± , f 2± given by Eqs. (12)- (13), and from the particular form for the scalar wave function ψ ∆ given by Eq. (8), as introduced in Refs. [1, 6] . The quark current is parametrized by three coefficients (c + , c − and d + = d − ), and the scalar wave function by two range parameters (α 1 and α 2 ). Apart from these five parameters fixed in Refs. [1, 6] , there are no adjusted parameters involved in the current calculation. Then, our results for the ∆ form factors E0 and M1, given by Eqs. (27) , and the magnetic moment µ ∆ , in particular, are true predictions. is a result of a dipole fit from the same references and corresponds to r E0 = 0.691 fm.
We evaluate the ∆ electromagnetic form factors numerically by using Eqs. (27) for both Q 2 = 0 and Q 2 = 0. The first case gives us the static properties of the ∆. The second case gives us information about the dynamical properties of the ∆, unfolding the dependence of the form factors on Q 2 .
A. Static properties
The static properties of the ∆, like the charge and magnetic moment, are completely fixed by the static properties of the quarks (charge and magnetic moments κ ± ), constrained by the nucleon charge and magnetic moment.
As mentioned above, for a spherically symmetric ∆ wave function (S-wave states) only the electrical charge G E0 and magnetic dipole G M1 form factors are different from zero for Q 2 = 0. Since the charge of the ∆ is well known, the relevant information at Q 2 = 0 comes from the form factor G M1 alone. Therefore we will focus on this observable. A list of results for G M1 (0) obtained from different frameworks is presented in Table I . Although additional results can be found in Refs. [25, 26, 27, 28, 29, 32, 33, 34] , the cases shown in Table I represent well the different approaches found in the literature. The experimental result was taken from the Particle Data Group [18] . The label "Spectator" denotes model II of Refs. [1, 6] used here, and therefore our results. We present the results for G M1 (0) instead of the magnetic moment µ ∆ in order to simplify the direct comparison with the results for the form factor at Q 2 = 0 in the next section.
All lattice QCD results shown were obtained in the quenched approximation. In quenched calculations no disconnected diagrams are considered [36] , and important features of quark-antiquark pair creation and pion loop effects are suppressed [48] . Lattice simulations for heavy pion masses are performed in Refs. [36, 38, 39] . In Refs. [36, 39] the form factors are determined using a linear extrapolation of m 2 π (m π is the pion mass in lattice) to the physical region. In Ref. [38] alternative empirical extrapolations are tested. Reference [37] presents a re-analysis of the lattice data of [36] using an effective χPT. A similar analysis was also presented in Ref. [13] . The χPT effects estimated in Refs. [13, 37] show that the linear extrapolation, used in particular in reference [39] for the case Q 2 = 0, is not totally adequate. For this reason we favor the comparison with lattice extrapolation based on χPT [37] . The weak dependence of the data on the pion mass suggests nevertheless that a linear extrapolation can be taken as good first estimate, meaning that the non-analytical terms bring only small effects, in contrast with what is required for the nucleon elastic form factors and N∆ transition form factors. Unquenched lattice simulations presented in Ref. [40] , and planned extrapolations based on χPT can help to clarify the situation [39, 40] .
For a clear comparison of our results with the different calculations we plot in Fig. 1 all results, including their uncertainty bars. Fig. 1 depicts therefore in a graphic form the results of Table I . From the figure we conclude that, excluding for now the ∆ 0 state, all results are consistent with most of the predictions within one σ deviation. In particular, for the magnetic moment of the ∆ ++ , we get a very reasonable value. Our results are also consistent with the central value of the magnetic moment of the ∆ + , although negative values cannot be excluded due to the error bars.
There is a remarkable exception to the success obtained in comparing our results to experimental or lattice data for the ∆ baryon: the lattice estimation of Ref. [38] for the ∆ + . However, according to Ref. [48] the lower prediction of Lee et. al. [38] is an artifact of the quenched calculation that, for lower values of the pion mass, pushes the magnetic moment of the ∆ + aways from the proton magnetic moment. As for the ∆ 0 state, it is more difficult to extract definitive conclusions. From Table I , the sign of the ∆ 0 magnetic moment is strongly model dependent, and its magnitude small when compared to the other ∆ isospin states. Note that there is no direct experimental data, since the short life time and neutral character of the ∆ 0 make difficult the determination of its magnetic moment. Probably the most significant experimental information comes indirectly from measurements on the γn → ∆ 0 reaction.
B. Dynamical properties
For low Q 2 we can approximate any form factor G a by a dipole form
where a =E0, M1, E2, M3, and Λ is an adequate momentum range (cutoff). In these conditions the low Q 2 behavior is given by the average squared radius r 2 a :
The momentum dependence of the form factors was for the first time considered in a systematic way in Refs. [39, 40] . In Ref. [39] the ∆ + state was considered explicitly, and the lattice data for the charge form factor G E0 (Q 2 ) well simulated by a dipole form factor with r E0 = 0.691 ± 0.006 fm. This result is also consistent with the lattice results of Ref. [37] , 0.63 ± 0.07 fm. In Fig. 2 we compare our prediction with the lattice data from Refs. [39, 49] and also with the dipole form extracted from the data [39] . Our prediction does not follow exactly a simple dipole form in the range [0,2.5] GeV 2 , but nonetheless does not deviate much from the lattice data. Still, we predict a slower falloff corresponding to r E0 = 0.57 fm, instead of r E0 = 0.69 fm. Therefore, relatively to the lattice calculations, we predict an higher concentration of charge at the origin. Note however, that both lattice calculations and ours underestimate the proton electric radius, leading to r Ep = 0.89 fm [1] , which implies that the ∆ + has a larger charge density near the origin than the proton. This result contradicts the estimations based on simple quark models governed by the hyperfine interaction, where for the ∆ there is a repulsive quark-quark interaction in the spin-triplet state which prevents charge concentration at the origin, differently than for the proton case. We would then expect a larger extension of the charge in the ∆ [50] . Interestingly, this expectation is contradicted by the recent quenched lattice QCD simulations [41] , where the ∆ + charge radius is always smaller than the proton charge radius. To clarify this point we need still to wait for unquenched lattice QCD simulations for pion masses below the inelastic cut (m π < M ∆ − M ). At any rate, our result is consistent with the speculation that, contrarily to the N∆ and γN → N transitions (see models III and IV of Ref. [1] ), the pion cloud effect is not as important for the direct reaction γ∆ → ∆ form factors, G E0 and G M1 , since that reaction may be less affected by the behavior of the ∆ as a π-nucleon system.
Next we discuss the dipole magnetic form factor. In Ref. [39] only the state ∆ + was considered, and it was suggested that isospin symmetry can be used to obtain the results for the other charge states. Applying this principle, we consider
in order to generalize the lattice data of Ref. [39] . Although our model breaks the isospin symmetry explicitly (f 1+ = f 1− and f 2+ = f 2− ), the extent of this violation is very small. Therefore the comparison of this representation with our results is still reasonable (the exact isospin symmetry gives G M1 (∆ 0 ) ≡ 0). The results of G M1 for each ∆ state are presented in Fig. 3 . We compare our results with the chiral extrapolation of the lattice data of Cloet et. al. [37] , with the ∆ + lattice data from Refs. [39, 49] , and with the dipole approximation for the lattice results, assuming exact isospin symmetry as in Eqs. (30)- (31), using r M1 = (0.642 ± 0.038) fm from those works. For the ∆ + , we estimate r M1 = 0.61 fm in agreement with [39, 49] . Our results are consistent with line presented for ∆ ++ and ∆ − is derived from the lattice data of Refs. [39, 49] , assuming the isospin symmetry and r M 1 = (0.642 ± 0.038) fm. Experimental data for ∆ ++ from Ref. [18] . The experimental value for ∆ + is not presented (see Fig. 1 ).
the lattice data from Alexandrou et. al. [39, 49] considering the error bands. As for ∆ − , clearly our results are in agreement with those of Ref. [37] (for Q 2 = 0) and are very similar to the dipole approximation. As for ∆ 0 no dipole approximation line is shown, because exact isospin symmetry predicts exactly G M1 ≡ 0, and in fact both our result for G M1 (Q 2 ) and the lattice data from [37] are very small when compared with the the corresponding results for the charged ∆. We note that is a difference of sign relatively to Ref. [37] . However, this difference of sign is not a problem here, since in that reference G M1 (0) was extrapolated from G M1 ≡ 0 for heavy pion masses, and no error estimate was given (see Table I ).
V. CONCLUSIONS
There is almost no direct experimental information about the electromagnetic structure of the ∆ system. Only for the ∆ ++ there is some conclusive, although still very limited data. For this reason information on the ∆ structure for Q 2 = 0 has to rely on theoretical models fully constrained by lattice QCD data, or, inversely, on lattice data extrapolations conveniently probed in the physical limit. Several models can be consistent with the data but different experiments are planned to improve the accuracy of the data for the ∆ ++ and ∆ + , which will enable a finer model selection. A quark model successful in the description of the nucleon elastic form factor data and of the dominant contribution to the N∆ electromagnetic transition was taken here to describe the ∆ form factors, without extra parameter fitting [1, 6] . Our results were compared directly to the (still) scarce existing data as well as to the lattice extrapolations to the physical region.
In particular, our results compare well with the first quenched lattice study of the ∆ form factors for finite Q 2 [39] . In this work we consider only the valence quark degrees of freedom. Although pion cloud effects are fundamental for inelastic reactions, namely the N∆ transition [6] , our results were obtained without the explicit consideration of pion cloud, turning out to be consistent with the experimental data for the ∆ magnetic dipole moment, as well as with the extrapolation from lattice QCD [39] results. As for the charge distribution we predict a higher concentration of charge near the ∆ center of mass.
There are two aspects to be improved in the future for an even more significant comparison. On one side, lattice simulations are, until very recently, restricted to quenched approximations (Ref. [40] is the first unquenched calculation). Also they depend on extrapolations to the physical region that are mostly linear, without control of the non-analytical terms. On the other side, our model takes at this stage a simple spherically symmetric ∆ wave function. For this reason the subleading form factors vanish. The extension of the model with the inclusion of the D-states is being investigated meanwhile [42] . Upon improvement of both these two aspects in each of the sectors compared here, the tool developed and tested in this work will allow one to investigate in finer detail the failure of the lattice calculations in describing the form factors for the N∆ electromagnetic transition.
